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Abstract 

Fiedler and Nikiforov gave sufficient conditions for the existence of Hamilton paths 
and cycles in terms of spectral radii of a graph and its complement, which stimulated 
much later works on this topic. The class of claw-free graphs, which contains line 
graphs as a subclass, is an important type of graphs. Motivated by Fiedler and Niki¬ 
forov’s works, in this paper we prove tight sufficient spectral conditions for Hamilton 
cycles in 2-connected claw-free graphs and Hamilton paths in connected claw-free 
graphs. Our strategy is to deduce spectral results from structural results, and main 
tools include Ryjacek’s claw-free closure theory a characterized theorem of minimal 
2-connected non-hamiltonian claw-free graphs due to Brousek, together with some 
spectral inequalities. 
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1 Introduction 

We will continue our recent works m- The main goal of this note is to give spectral 
conditions for Hamiltonicity of 2-connected claw-free graphs. For terminology and notation 
not defined but used, we refer the reader to mu- For a graph G, we denote by e{G) 
the edge number of G and a;(G) the clique number of G. For two graphs Gi and G 2 , let 
Gi + G 2 and Gi V G 2 denote the disjoint union and join of Gi and G 2 , respectively. 

Let G be a graph, A be the adjacency matrix of G, and D be the degree matrix of G. 
We call Q = D + A the signless Laplace matrix of G. The spectral radius of G, denoted by 
tf-{G), is the largest value among all eigenvalues of A; and the signless Laplacian spectral 
radius (or Q-index) of G, denoted by q{G), is the largest value among all eigenvalues of 

Q. 

A graph G is called Hamiltonian [traceable) if there is a Hamilton cycle (Hamilton 
path), i.e., a cycle (path) containing all vertices in G. The topic of finding spectral 
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conditions for the existence of some kinds of subgraph in a graph has been well studied. 
In particular, sufficient spectral conditions for traceability and Hamiltonicity of graphs 
have received much attentions from graph theorists. 

Fielder and Nikiforov [ 8 ] gave tight sufficient conditions for Hamilton paths and cycles 
in terms of spectral radii of a graph and its complement. 

Theorem 1.1 (Fiedler and Nikiforov [H]). Let G be a graph on n vertices. 

(1) If p-{G) > n — 2, then G is traceable unless G = K^-i + Ki. 

(2) If ia{G) > n — 2, then G is Hamiltonian unless G = KiV {Ki + Kn- 2 )- 

Theorem 1.2 (Fiedler and Nikiforov [ 8 ]). Let G be a graph on n vertices. 

(1) If pi{G) < y/n — 1, then G is traceable unless G = Kn-i + Ki. 

(2) If pi{G) < y/n — 2, then G is Hamiltonian unless G = KiM [Ki + Kn- 2 ). 

For Q-index, Zhou [18] and Liu et al. m gave some sufficient conditions for Hamilton 
cycles or Hamilton paths in terms of Q-indices of a graph and its complement. Since the 
connectedness is a necessary condition for a graph to be traceable, it is natural to consider 
the traceability of graphs in the class of connected graphs. Lu et al. [12] obtained spectral 
radius conditions for Hamilton paths of connected graphs. Ning and Ge [13] refined Lu et 
al.’s results. 

Some works also focus on Hamiltonicity of some special classes of graphs. Date back 
to 1986, Simic and Kocic m determined maximal spectral radius among bicyclic Hamil¬ 
tonian graphs with given number of edges. Bell and Rowlinson [T] studied similar problem 
for tricyclic Hamiltonian graphs. Zhou et al. m gave some spectral radius conditions for 
Hamiltonicity of planar graphs and outer-planar graphs. Lu et al. [12] and Liu et al. m 
prove spectral conditions for Hamilton paths and cycles in bipartite graphs. 

A graph is claw-free if it contains no copy of claw (^^ 1 , 3 ) as an induced subgraph. 
Claw-free graphs, including line graphs, is an important type of graphs. There are lots of 
results on the Hamiltonian properties of claw-free graphs. The following is a well-known 
example, where N is the graph obtained from a triangle by adding three disjoint pendent 
edges. 

Theorem 1.3 (Duffus et al m)- Let G be a claw-free graph with no induced copies of N. 

(1) If G is connected, then G is traceable. 

(2) If G is 2-connected, then G is Hamiltonian. 



Fig. 1. Graph ENn- 
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In this paper, we use ENn (n > 6) to denote the graph obtained from a complete graph 
Kn -3 by adding three disjoint pendent edges, see Fig. 1. Note that N = ENq. Recently, 
we proved some spectral conditions on traceability of connected claw-free graphs m- 

Theorem 1.4 (Ning and Li [H]). Let G be a connected claw-free graph on n vertices. If 
/r(G) > n — 4, then G is traceable unless G = ENn. 

Theorem 1.5 (Ning and Li |15]L Let G be a connected claw-free graph on n > 24 vertices. 
If p.{G) < fi{ENn), then G is traceable unless G = ENn. 

For the Q-index, we have a similar result as follows: 

Theorem 1.6. Let G be a connected claw-free graph on n > 18 vertices. If q{G) > 
q{ENn), then G is traceable unless G = ENn. 

The proof of Theorem 11.61 is postponed to Section 3. 

Now we study the Hamiltonicity of 2-connected claw-free graphs under spectral con¬ 
ditions. 

Before giving our main results, we first introduce some notations by Brousek. Following 
[ 1 ], we use V to denote the class of graphs obtained by two triangles 01020301 and 6162 ^ 3 ^ 1 , 
such that each pair {oj, bi] is connected by a triangle or a path of order ki > 3. We use 
Pxi,x 2 ,x 3 to denote the graph from V, where Xj = T if {ai,bi} is connected by a triangle; 
and Xi = ki if {oj, 6*} is connected by a path of order k^. 






Fig. 2. 2-connected claw-free non-Hamiltonian graphs of order 9. 

Brousek [5] characterized the minimal 2-connected claw-free non-Hamiltonian graphs. 

Theorem 1.7 (Brousek [4]). Every 2-connected claw-free non-Hamiltonian graph contains 
an induced subgraph isomorphic to a graph in V. 

From Theorem ll.71 we can see that the smallest 2-connected claw-free non-Hamiltonian 
graphs have order 9, and there are exactly four such graphs, namely Pt,t,t, P3,t,t, P3,3,T 
and 1 ^ 3 , 3 , 3 , see Fig. 2. We use £Vn {n > 9) to denote the set of graphs which are obtained 
from Pt,t,t, P3,t,t, P3,3,t or ^ 3 , 3,3 by replacing a triangle by Kn-e. we use EPn and EPl^ 
to denote the two graphs in SPn obtained from Pt,t,t by replacing a triangle by Kn-e, 
see Fig. 3. Note that each graph in SPn is a subgraph of EPn or EP^. 
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Fig. 3. Graphs EPn and EP^ 

Our main results are closely related to Brousek’s characterization and given as follows. 
Let G be a 2-connected claw-free graph on n vertices: 

Theorem 1.8. If n > 33 and /r(G) > ^{EPn), then G is Hamiltonian unless G = EPn. 

Theorem 1.9. If n > 51 and q{G) > q{EPn), then G is Hamiltonian unless G = EPn- 

Theorem 1.10. Ifn > 219 and fJ.{G) < ^{EPf), then G is Hamiltonian unless G = EP^. 

The organization of this note is as follows. In Section 2, we will introduce useful tools 
from structural graph theory and spectral inequalities from spectral graph theory. In 
Section 3, we will give proofs of our main results. 

2 Preliminaries 

In this section, we mainly give useful tools from structural graph theory and spectral graph 
theory. 

Generally speaking, most of existed researches on this topic appeared the following 
characterization: The spectral part can always be deduced from the non-spectral part, 
and the main technique is aid of the powerful and well-chosen closure theory (see mm 
for example). This is also our strategy here (together with some other structural and 
spectral tools). 

Since we study claw-free graphs here, we will use the claw-free closure theory introduced 
by Ryjacek m- To ensure the completeness of our text, all necessary terminology and 
notations about claw-free closure theory are included. For other more information, see 

M- 

Let G be a claw-free graph. Following m, for a vertex x £ V{G), if the neighborhood 
of X induces a connected but not complete subgraph of G, then x is called eligible in G. Set 
Bg{x) = {uv : u,v G N{x),uv ^ E{G)}. The graph G^, constructed by V{G'^) = V{G) 
and E{G'^) = E{G) U Bg{x), is called the local completion of G at x. The closure of 
G, denoted by cl{G), is defined by a sequence of graphs Gi, G 2 ,..., Gi, and vertices 
xi,X 2 ■ ■ ■, xt-i such that 
(1) Gi=G, Gi = d(G); 
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(2) Xi is an eligible vertex of Gi, Gj+i = , 1 < i t — 1; and 

(3) cl{G) has no eligible vertices. 

Ryjacek |16] proved that the closure of a claw-free graph is also claw-free. 

Theorem 2.1 (Brandt et al. [3]). Let G be a claw-free graph. Then G is traceable if and 
only if cl{G) is traceable. 

Theorem 2.2 (Ryjacek [T6]l. Let G be a claw-free graph. Then G is Hamiltonian if and 
only if cl{G) is Hamiltonian. 

A claw-free graph G is said to be closed if cl{G) = G. R is not difficult to see that for 
every vertex x of a closed graph G, N{x) is either a clique, or the disjoint union of two 
cliques in G (see HU). We prove the following lemma on Hamiltonicity of closed claw-free 
graphs. 

Lemma 1. Let G be a 2-connected closed claw-free graph on n vertices. If there are two 
nonadjacent vertices u,v ^ V(G) such that d{u) + d{v) > n, then G is Hamiltonian. 

Proof. Since uv ^ E{G) and d{u)-\-d{v) >n,u and v have at least two common neighbors. 
Note that any two common neighbors of u and v are nonadjacent; otherwise they will be 
eligible vertices of G. If u and v have three common neighbors, then there will be a claw 
with center u. This implies that u and v have exactly two common neighbors x, y, say, 
and moreover, every vertex in V{G)\{u,v,x,y} is adjacent either u or v. Note that N{u) 
{N{v)) is the disjoint union of two cliques. This implies that G consists of four cliques 
Gi,G 2 ,Gs and G 4 containing {u,x},{x,v},{v,y} and {y,u}, respectively. It is easy to 
check that G has a Hamilton cycle. □ 

Lemma 2. Let k be an integer and G be a closed claw-free non-Hamiltonian graph on 
n>2k vertices. If 

f n — k — 1 \ /k-\- 2 \ 

e(G)>{ ^ ) + ( 2 

then oj{G) > n — k. 

Proof. A vertex u is a heavy vertex of G if d{v) > n/2. By Lemma [H any two heavy 
vertices are adjacent in G. Let G be a maximum clique of G containing all heavy vertices 
and let LI = G — G. Set t = \G\. 

Let V be an arbitrary vertex in H. Then v is nonadjacent to at least one vertex in G. If 
there are at least two neighbors of v in G, then there will be eligible vertices, contradicting 
the fact that G is closed. This implies that every vertex in H has at most one neighbor 
in G. 

We hrst assume that 1 < t < (n-|-l)/2. Recall that every vertex in H has degree at 
most (n — l)/2 in G. Hence 

E (“cM +<*(»)) < (" - 0 (^ +1) = 

v€V{H) ^ ' 
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and 


e(G) = e{G[C]) + 


^ Y.veV(H)i<^c{v) + d{v)) 


2 


< 



^ {n — t){n + 1) 
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2 

v? — 1 



4 4 


4 


< 



a contradiction. 

Now we assume that n/2 + l<t<n — /c — 1. Recall that every vertex in H has at 
most one neighbor in C. Thus 


e(G) = e{G[C]) + e{H) + e((T, V{H)) 



a contradiction. 

This implies that t > n — k, and then oj{G) > t > n — k. 


□ 


Lemma 3. Let G be a connected closed claw-free non-traceahle graph on n vertices. If 
uj{G) > n — 3, then G = EN^- 

Proof. Since G is connected claw-free and non-traceable, by Theorem 11.31 G contains an 
induced subgraph H isomorphic to N. Let C be a maximum clique of G. If \GriV{H)\ < 2, 
then \G U V{H)\ >n — 3 + 6 — 2 = n-|-l, a contradiction. Hence \G n V{H)\ > 3. Since 
uj{H) = 3, IC n V{H)\ < 3. Thus \G n V{H)\ = 3 and G contains the (unique) triangle 
of H. Thus ENn T G. Note that the graph obtained from ENn by adding any edge is 
traceable. Thus G = ENn. The proof is complete. □ 

Lemma 4. Let G be a connected claw-free graph on n > Q vertices. If e{G) > n(n — 
9)/2 + 21, then G is traceable, unless G C ENn. 

Proof. Let G' = cl{G). If G' is traceable, then so is G by Theorem 12.11 Now we assume 
that G' is non-traceable. Clearly e{G') > e{G) > n{n — 9)/2 + 21. Since G' is closed, by 


Lemma [51 uj{G) > n — 3; and by Lemma [31 G' = ENn. Thus G C ENn- 


□ 


Lemma 5. Let G be a 2-connected closed claw-free non-Hamiltonian graph on n vertices. 
If u!{G) > n — 6, then G G SVn- 
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Proof. Since G is 2-connected closed claw-free and non-Hamiltonian, by Theorem 11.71 G 
contains an induced subgraph H isomorphic to a graph in V. Let C be a maximum clique 
of G. If |C n H {H)\ < 2, then \GVJV {H)\ >n — 6 + 9 — 2 = n + l, a contradiction. Hence 
\G n V{H)\ > 3. Since uj{H) = 3, |C n V{H)\ < 3. Thus \G n V{H)\ = 3. If \V{H)\ > 10, 
then \G U V{H)\ >n — 6-1-10 — 3 = n-|-l, a contradiction. Hence \V{H)\ = 9 and G is 
a supergraph of a graph in £Vn- If G ^ £Vn, then easily to check that G is Hamiltonian. 
This implies that G G £Vn- The proof is complete. □ 

Lemma 6. Let G be a connected claw-free graph on n > 12 vertices. If e{G) > n{n — 
15)/2 -|- 57, then G is traceable, unless G C EPn or EP^. 

Proof. Let G' = cl{G). If G' is Hamiltonian, then so is G by Theorem 12.21 Now we 
assume that G' is non-Hamiltonian. Clearly e{G') > e{G) > n{n — 15)/2-|-57. By Lemma 
El w(G) > n — 6; and by Lemma El G' G £Pn- This implies that G is a subgraph of a 
graph in £Vn- Note that every graph in £Vn is either a subgraph of EPn or a subgraph 
of EP^. Thus G C EPn or EP^. □ 


We also need several spectral inequalities as follows. 

Theorem 2.3 (Hong et al. HD]). Let G be a graph of order n without isolated vertices. 
Then 


fj.{G) < 2e(G) — n -|-1. 

Theorem 2.4 (Feng and Yu [7]). Let G be a graph on n vertices. Then 

q{G)<^^+n-2. 
n — 1 

Theorem 2.5 (Hofmeister [9]). Let G be a graph. Then 


KG)> 


T. 


vev{G) 


d?{v) 


n 


The following fact can be calculated by matrix analysis, together with the aid of Maple. 


Lemma 7. For n > 10, we have 

(1) n{EPn) > p{EPlf) > p{Kn-e) =n-7; 

(2) q{EPn) > q{EPf) > q{Kn- 6 ) = 2n - 14; 

(3) niEPr) < p,{EPn) < p{Kq \J {n- 6)Ki) = (5 -|- V24n - 119)/2. 


Proof. Since proofs of inequalities (1), (2), and (3) are quite similar, we will give details 
for the proof of inequality (1) here and sketch others. 

Proof of inequality (1): Let p-i (resp. 112 ) be the largest eigenvalue of the adjacency matrix 
of EPn (resp. We will compute the characteristic equation of their adjacency 

matrices directly. Let x (resp. y) be the eigenvector corresponding to fii (resp. ^, 2 ). We 
observe EPn has only four types of vertices with respect to their degrees, namely vertices 
with degree two, vertices with degree four, vertices with degree n — 4, and vertices with 
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degree n — 7. Furthermore, if two vertices u and v have the same degree, then Xu = iCu by 
the symmetry. Similar observations also hold for the graph EP^. 

Let ri be a degree two vertex in EPn, v he a degree four vertex in EPn, rc be a degree 
n — 4 vertex in EPn, and z be a degree n — 7 vertex in EPn- If A is the adjacency matrix 
of EPn, then we have Ax = nix. In particular, we have {Ax)u = {Ax)n = Hix^, 

{Ax)yj = and (Ax)z = fJ-iXz- Recall the observation above. We get the following 

system of linear equations: 


Xy Xyj 

= IJ-lXu 

(1) 

Xu ‘^Xy Xyj 

= yiXy 

(2) 

Xu-\- Xy -\- 2xuj + (n - 9)xz 

- IJ'lXw 

(3) 

3xuj + (n — 19)xz 

= fJ-lXz 

(4) 


Viewing Xw as the free variable and solving for Xy and Xy from © and ([2]), we get 


Xy 


Xu 


Solving for Xz from dH), we get 


+ 1 

—-X. 

/rf -lui-l 
hi - 1 

-X. 

hi - 2^1 - 1 


3 

Xz = -X. 

hi — n + 10 

Putting ©, ©, and ([7|) in ([3]), we obtain 


(5) 

( 6 ) 

(7) 


, hi + 1 „ , , 3(n-9) ^ 

Or, 1 ~h 2 r, 1 P ^Xyj “t" - hl^lU- 

hf — 2/ii — 1 /if — 2/ti — 1 hi “ ^ + 10 

The Perron-Frobenius theorem implies that all entries in x are positive, so we can cancel 
Xyj from both sides of the equation above. Simplify the resulted equation. We get the 
characteristic equation 


(hi - n + 10) (h? - 4/j.f + /ti + 2) - (3n - 27) (h? - 2/ii - 1) = 0 (8) 


For EP^, using the same idea, we get a new system of linear equations 


‘^Vv = h2yu (9) 

yyj + 2yy + yu = y2yv ( 10 ) 

Py-w + in- 8)yz = h2y«; (11) 

2y«, Pin- 9)yz = y 2 yz (12) 

From ©, (HOD, and (HU), we get 

_ 1^2 
yv — 2 

= (^ - h2 - i)y« (13) 


_ (hi ~ ^h2 — 2)(h2 ~ 1) ~ 2h2 

“ 2n - 16 
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(fTHI) together with (fT^ tell us 


fii - 2fj.2 - 2 

Vz = - rrry^ 

122 -n+ 9 

Recall Uu > 9. Equalizing (d and (fT^ followed by cancelling y^, we get 

{l 22 -n + 9) {{yl - 2^2 - 2)(//2 - 1) - 2 /^ 2 ) - (2n - I 6 ){yl - 2/X2 - 2) = 0 
Define functions 


(15) 


(16) 


f{x) = {x — n + 10)(a:^ — + x + 2) — {2>n — 27)(x^ — 2x — 1) (17) 

g{x) = {x-n + 9) {{x^ -2x-2){x-l)- 2x) - {2n - 16){x^ - 2x - 2) (18) 

Let s = n — 7 + and t = n — 7 + • Tedious calculus together with Maple 

program can confirm f{t) < 0 and g{s) < 0 < g{t) for all n > 12. Since Kn-Q is a 
subgraph of EPn and EP^, we get i 2 i,pL 2 P n — 7. By Theorem 12.31 we get gi, 122 < n — 5. 
One can observe the gap between the largest eigenvalue and the second largest eigenvalue 
of the adjacency matrix of both EP^ and EP^ is at least 2. Therefore, we obtain for all 
n > 12 

gi > t and s < g 2 < t, 

which proves (1) for n > 12. For n = 10,11, we can check the inequality (1) directly using 
Maple program. 

Proof of inequality (2): Let f{x) (resp. g{x)) be the characteristic polynomial of the 
signless Laplace matrix of EPn (resp. EP^). Using the same idea as proving the inequality 
(1) (details will be given in Appendix A), we get 


f{x) = {x-2n + 17) {{x-n + 3){x^ - 8 x + 11) - {2x - 6)) - (3n - 27){x^ - 8 x + 11) 
g{x) = (x^ — 8 x + 12) ((x — 2n + 16)(x — n + 4) — (2n — 16)) 

— (2x — 4n + 32) (2x — n + 2) — 4n + 32 


We choose s = 2(n — 7) + ^ and t = 2(n — 7) + Using basic calculus (under the help 
of Maple program) can verify f(t} < 0 and g(s) < 0 < g(t) for all n > 27, which proves 
the inequality (2) for n > 27. For 10 < n < 26, we can confirm the inequality using Maple 
program directly. 

Proof of inequality (3): We use f{x) (resp. g{x)) to denote the characteristic polynomial 
of the adjacency matrix of EPn (resp. EP^). We can obtain the formula for f{x) and g{x) 
by the same argument as we did for proving inequality (1) (the details will be presented 
in Appendix B). We get the following 

f{x) = x^ — {2x^ + 4x + 8) — (6n — 54) (x + 1) 

g{x) = (x^ — 4n + 32)(x^ “ 2) — (2x^ + x)(x + 2) — (2n — 16)(x^ + x + 2) 


Let s = ^Jn{n — 6) and t = yn(n^^6) + 1.3. With the assistance of Maple program, 
we can show f{t) < 0 and g{s) < 0 < g{t) for all n > 55 using calculus. We proved the 
inequality (3) for n > 55. For the case of 10 < n < 54, we can verify the inequality (3) 
using Maple program straightforwardly. □ 
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3 Proofs of the theorems 


Proof of Theorem II.6L Note that q{ENn) > q{Kn- 3 ) > 2n — 8. By Theorem 12.41 


One can get that 


MG) 

2n-8< q(G) < + n - 2. 

n — 1 

e(G) > ~ ~ + 21 


2 “2 

(n > 18). By Lemma 01 G is traceable or G C ENn- But if G C EN^, then q{G) < 
q{ENn), a contradiction. Thus G = ENn- The proof is complete. 


Proof of Theorem II. 81 By Lemma [3 and Theorem 12.31 


n 


-7 < //(G) < V2e(G) -n + 1. 


One can get that 


e(G) > <" ~ » - 1 > - 15) ^ 


2 “2 

(n > 33). By Lemma El G is Hamiltonian or G C EPn or EP^. But if G C EPn or 
G C EP^, then //(G) < fi{EPn), a contradiction. Thus G = EPn- The proof is complete. 


Proof of Theorem 11.91 By Lemma [7] and Theorem 12.41 


One can get that 


2n - 14 < q(G) < + n - 2. 

n — 1 


^(O) >(«-!)(»-12) 15)+^^ 


2 “2 

(n > 51). By Lemma El G is Hamiltonian or G C EPn or EP^. But if G C EPn or 
G C EPl^, then q{G) < q{EPn), a contradiction. Thus G = EPn- The proof is complete. 


Proof of Theorem ll.lOl Let G' = cl{G). If G' is Hamiltonian, then so is G by Theorem 
2.21 Now we assume that G' is not Hamiltonian. By Lemma m every two nonadjacent 
vertices u,v have degree sum at most n — 1, i.e., 


By Theorem 12.51 


d-^iu) + d-^{v) > 2{n — 1) — (n — 1) = n — 1. 


//(G) > ^^{G') > 

By Lemma 0 

One can get that 


^ I J2v€V{g) ^ I Y.uveE{G')(M('^) + ^g'M) ^ ^ j [n - l)e{G') 


n 


n 


n 


5 + 


n 


e(G') = (") - e(G') 


> 


n 


5-hV24n-119\ n n n - 15 _ 

---> —- - + 56 

2 ) n-1 2 


(n > 219). By Lemma El G Q G' P EPn or EPn. But if G C EPn or G C EPn, then 
/i(G) < fj,{EP^), a contradiction. Thus G = EP^. The proof is complete. □ 
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Appendix A: Let qi (resp. 52 ) be the largest eigenvalue of the signless Laplacian matrix 
of EPn (resp. L1P((). Let x (resp. y) be the eigenvector corresponding to qi (resp. ( 72 )- Pick 
u as a degree two vertex in EP^, u as a degree four vertex in EPn, w as a degree n — 4 
vertex in EPn, and z as a degree n — 7 vertex in EPn- If Q is the adjacency matrix of 
EPn, then we have Qx = qix. Recall the symmetry of vertices with the same degree. We 
get the following system of linear equations. 


2Xu + Xn + Xnj = qiXu (19) 

6 Xn + Xu + Xw = qiXn (20) 

(n - 3)xn, + Xu + Xy + {n - 9)xz = qix^ (21) 

(2n - 17)x^ + 3xu; = qiXz (22) 


We view Xw as a variable and solve for Xu, Xy, and Xz from (fniD . ([201) . (1^21) . We get 


Xu = 


qi-5 




Xu = 


qi - 8gi + 11 
gl - 1 
qi-3qi + ll 
3 


X, = 


-Xu 


Putting 


qi — 2n+ 17 

, and (1^ in (1^ . we get 
gi — 5 — 1 3n — 27 

-Xw + ^5—^- —rrXw H-^— —r7;Xw = \qi-n + 3)Xw 


(23) 

(24) 

(25) 


ql-8qi + n ql-8qi + n ' gi-2n+17‘ 

Cancel Xw from both sides of the equation above and simplify it. We get qi must satisfy 
the following equation 


(3n - 27)iqi - 8qi + 11) = {qi - 2n + 17)((gi - n + 3)(g? - 8 qi + 11) - {2q, - 6)), 


which gives the characteristic polynomial of qi. 

For EPn, we select vertices u, v, w and z similarly. If Q is the signless Laplacian matrix 
of EPn, then we have Qy = q 2 y- We obtain the following system of inequalities: 


2 yu + 2yu = q2yu (26) 

+ yu + yw = q2yv (27) 

(n - A)yw + 2yu + (n - 8 )yz = q 2 yw (28) 

(2n - I6)yz + 2y^ = q 2 yz (29) 
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Using Uu to express y^, y^, and y^ in (I2H1) . ([27)1 . and ([2S|1 . we get 


Vv = (30) 

2/t« = Q(g2 - 2)(g2 - 6) - 1^ (31) 

Vz = (^{q2 - n + 4) Q(y2 - 2){q2 - 6) - 1^ - {q2 - 2)^ y„ (32) 

We bring [30l[3ll and [32] in [29] followed by cancelling and simplification. We get q 2 must 

satisfy the following equation 

(g|-8g2+12) ((^2 - 2n + 16)(y2 - re + 4) - (2re - 16))-(2g2-4re+32)(2y2-re+2)-4re+32 = 0 
which gives the characteristic polynomial of the signless Laplacian matrix of EP^. 

Appendix B: For EP^, we let u be a vertex with degree re — 5, re be a vertex with degree 
re — 3, re; be a vertex with degree 4, and z be a vertex with degree 6. We use pi to denote 
the largest eigenvalue of the adjacency matrix A of EP^. If x is the eigenvector of pi, 
then we have Ax = yix. Recall the symmetry between vertices with the same degree. We 
get 


3xu + 3xy = yiXz 

(33) 

2x^ T ‘^x^ — fX\Xzu 

(34) 

2xu + 2xyj + (re - 9)xz = yix^ 

(35) 

2xu + 2x^ + 2xw + (re - 9)^2 = yiXu 

(36) 

([33])-([34]) gives 


Xu T Xu — y\Xz y^iXu) 

(37) 

([36])-([3^ yields 


2xu = yiXu - yiXu 

(38) 

We form a new system of linear equations using (i3H) , ([37)1 , and ([38]l . 

We solve for Xu, x^, 


and Xz from the new system and we get 


^2(//i + 2) ,2 V, 

X-w I 9 H“ 1 Xy 

V /^T / 

V(w + 2) ,3V 

Xz — ( 2 4” ) 

\ fj-l /^1 / 

We put expressions of Xu, x^,, and Xz in ([35]) . Then we cancel x^ from both sides of the 
resulted equation and simplify it. We get 

yf - (2/if + 4/ii + 8) - (6re - 54) (/ii + 1) = 0 

which completes the proof. 
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For EP^, we use the same assumptions as EPn- Let ^2 be the largest eigenvalue and 
y be the corresponding eigenvector. We have the following system of linear equations. 



4y^ + 2 yu = y2yz 

(39) 


‘^Uv 4“ 2y^ — /^2?/«) 

(40) 


yu + yv + yw + {n- 8)y^ = y2yv 

(41) 


yu + 2y^ + 2 yyj + {n- 8)y^ = y 2 yu 

(42) 

()i2])-()in) gives 


Vv “1“ Vw — f^2yu i^2yv 

(43) 

(IMJ-ilini) gives 


“^yv = y2yz - y2yw 

(44) 


We solve for and from the system consisting of equations (@0]), (HHI) . and (ilil) . 

We obtain 


/ _l_ 2(^2 + /^ + ^) \ 

\y2 y2(/ii-2) J 

f ^ I 2(/^2 + ^ + ^) A 

V/X 2 ^2(1^2- 2 ) J 


Vv 


Vv 


We bring expressions of y^, yi„, and y^ in (HT]) . cancel y^, and simplify the equation. We 
get fi 2 must satisfy the following equation 


{P2 ~ 4n + 32)(y,2 ~ 2) — (2/i| + /i2)(/^2 + 2) — (2n — 16) (/i2 + /J'2 + 2) — 0, 


which completes the proof. 
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